We show that if the collection of all binary vectors of length n is partitioned into k spheres, then either k 2 or k n+2. Moreover, such partitions with k=n+2 are essentially unique.
(i) M 2 or M n+2, and (ii) if M=n+2, then one of the spheres has radius n&2 and all others have radius 0.
For M=3, this has been shown recently in [9] . Also, for n=p, a prime number, a simple number theoretic argument proves part (i) of the theorem: Since ( p i )#$ i=0, p mod p, the number of points in a sphere of radius smaller than p is #1 mod p while the total number of points in H( p, 2) is #2 mod p. Hence if M>1, then necessarily M#2 mod p. (This has also been observed by Ludo Tolhuizen.)
Since the complement of a sphere is again a sphere, this theorem allows a pretty reformulation. Let us agree to call a sphere proper if its radius is smaller than n. Note that a sphere is proper if and only if it has a unique centre.
Corollary 1. A proper sphere in H(n, 2) cannot be non-trivially partitioned into fewer than n+1 spheres.
Note the similarity of this result to Borsuk's theorem in real space ( [4] ; see also [12, 2] ). Although the second formulation strongly suggests a geometrical approach, we have not been able to come up with a proof of that type. Instead, we will offer a simple proof based on a well-known theorem of De Bruijn and Erdo s.
We will use the term m-set to refer to a set containing precisely m elements.
The Hamming space H(n, 2) is the collection of all binary vectors of length n. The Hamming distance d(x, y) between two vectors x, y in H(n, 2) is the number of coordinates in which x and y differ. A sphere B r (c) with centre c and radius r, c # H(n, 2), r 0 integer, consists of all vectors x for which d(x, c) r. The weight of a vector x is the Hamming distance of x to the all-zero vector.
A generalized Steiner system GS(n, t), 1 t n, is a family B of subsets of an n-set, each of size at least t, such that each t-set is contained in precisely one member of B.
Our results are based on properties of collections of (centres of) disjoint spheres tightly surrounding another sphere. Consider a configuration of K+1 disjoint spheres, with one of the spheres centered at (0, ..., 0) with radius r, say, and suppose that the other K spheres tightly surround this sphere, that is, each of these spheres contains a word of weight t=r+1 and, conversely, each word of weight t is contained in one of these spheres. Let the ith surrounding sphere have radius r i and centre c i , and let c i be characteristic vector of the set B i . The following result can be found essentially in [13] . Proposition 1. With the above assumptions, r i = |B i | &t and the family B=[B i | i=1, ..., k] is a GS(n, t). Moreover, each generalized Steiner system arises in this way.
Proof. It is fairly obvious that B is a GS(n, t). Indeed, note that |B i | t states that the ith centre is outside the inner sphere; |B i & B j | t&1, i{j, follows from the fact that the spheres are disjoint; and the fact that thè`b oundary vectors'' (that is, the vectors of weight t) are all contained in one of the spheres is equivalent to the claim that each t-set is contained in some member of B.
Conversely, if B is a GS(n, t), then it is not difficult to see that the spheres with radii r B =|B| &t centred at c B (the characteristic vector of B in B) tightly surround the sphere with radius r=t&1 centered at the allzero vector. We leave further details to the reader. K Our proof of the gap-theorem is based on the following result.
Theorem 2 (De Bruijn Erdo s [5] ). Let B be a GS(n, 2). Then |B| =1 or |B| n, and equality implies that each two members of B intersect in precisely one point. Remark. In fact, if |B| =n, then either one of the members of B has size n&1 and all others size two, or n=k 2 +k+1, k 2, and B=PG(k, 2), the projective plane of order k, but we do not need this here.
To handle the case of a GS(n, t) with t>2, we use the notion of a derived design. Here, if B is a GS(n, t), then a derived design is a family B$ m = 
., n]"[m] together with all t-sets containing m.
(ii) If t 2, then either |B| n+(t 2 &t&2)Â2, or t>2 and B consists of all (n&1)-subsets of an n-set.
Proof. We will use double induction on n and t. So, we assume that the statements (i) and (ii) hold for all pairs (n$, t$) for which n$<n or n$=n, 2 t$<t. Note that our claim is trivial for t=1 or n=t+1.
Since |B| >1, we have t<n, each set B # B has size |B| <n, and |B m | >1. (ii) If t=2, then the claim follows from Theorem 2, so we assume that t 3. Choose an m such that |B| &|B m | t. (By (i), this is possible except when B consists of all (n&1)-subsets of [1, ..., n].) Since B$ m is a GS(n&1, t&1), it follows from part (ii) of our induction hyphothesis that
For most values of n and t, part (ii) of Proposition 2 is far from being best-possible. Indeed, a recent result by van Lint [11] states that |B| =1 or |B|(|B| &1) t( n t ), which in most cases considerably improves our lower bound on |B|. (The proof essentially consists of counting triples (v, B, B$) for which v # B & B$ in two different ways.) An even stronger bound is given in [14] . Now we can prove the gap theorem as follows. Suppose that we have a tiling of H(n, 2) with M spheres. Consider a sphere with maximum radius r, and let r>1. (The cases where such a sphere is not present can easily be handled separately.) Without loss of generality, we may assume that this sphere is centered in the all-zero vector. Now put t=r+1 and let B be the GS(n, t) obtained as in Proposition 1. Now apply part (ii) of Proposition 2. Obviously, if |B| =1, then M=2, and if B is the exceptional family, then r=n&2 and M=n+2. In all other cases, we have M |B| +1 n+3.
Remarks. (i)
Question. Can a tail sum and an internal sum ever be equal? This is equivalent to asking whether 2 n can ever be obtained as the sum of three tail sums. A negative answer to this question would generalize the result in [9] that a partition of Hamming space into three spheres is impossible. Note that 2 n can be the sum of four tail sums, e.g., 2 4 = 5+5+5+1 (E. Drago, personal communication).
(ii) L. A. Bassalygo asked how small the difference |r&s|, r{s, can be with the property that some set X H(n, 2) can be partitioned into r spheres and also into s spheres. He observed that this difference can be as small as nÂ2. For example, let X be a sphere of radius three. Then X can be partitioned into a sphere of radius two and ( n 3 ) further spheres of radius 0, a total of r=1+n(n&1)(n&2)Â6 spheres. Also, if n is even, then the vectors (1, 1, 0, ..., 0), (0, 0, 1, 1, 0, ..., 0), ..., (0, ..., 0, 1, 1) are the centers of nÂ2 disjoint spheres of radius one within X, which produces a partition of X into s=nÂ2+(1+n+( 
